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ABSTRACT 

R e s u l t s  f r o m  a s e r i e s  o f  h y d r o s t a t i c  and t r i a x i a l  compression t e s t s  
which were per fo rmed on po lyu re thane  foams a re  p resen ted  i n  t h i s  r e p o r t .  
These t e s t s  i n d i c a t e  t h a t  t h e  v o l u m e t r i c  and d e v i a t o r i c  p a r t s  o f  t h e  foam 
behav io r  a r e  s t r o n g l y  coupled.  
w i t h  any o f  s e v e r a l  commonly used p l a s t i c i t y  models. Thus, a new 
c o n s t i t u t i v e  model was developed. Th is  new model was based on a 
decompos i t ion  o f  t h e  foam response i n t o  two p a r t s :  (1) response o f  t h e  
polymer s k e l e t o n ,  and ( 2 )  response o f  t h e  a i r  i n s i d e  t h e  c e l l s .  The a i r  
c o n t r i b u t i o n  was comp le te l y  v o l u m e t r i c .  The new c o n s t i t u t i v e  model was 
implemented i n  two f i n i t e  element codes, SANCHO and PRONTO. Resu l t s  f rom a 
s e r i e s  o f  ana lyses  completed w i t h  these codes i n d i c a t e d  t h a t  t h e  new 
c o n s t i t u t i v e  model cap tu red  a l l  o f  t h e  foam behav io rs  t h a t  had been observed 
i n  t h e  exper iments .  F i n a l l y ,  a t y p i c a l  dynamic p rob lem was analyzed u s i n g  
t h e  new c o n s t i t u t i v e  model and o the r  c o n s t i t u t i v e  models t o  demonstrate 
d i f f e r e n c e s  between t h e  models. Resu l t s  f rom t h i s  s e r i e s  o f  analyses 
i n d i c a t e d  t h a t  t h e  new c o n s t i t u t i v e  model generated d isp lacement  and 
a c c e l e r a t i o n  p r e d i c t i o n s  t h a t  were between p r e d i c t i o n s  ob ta ined  u s i n g  t h e  
o t h e r  models. T h i s  r e s u l t  was expected. 

This  c o u p l i n g  behav io r  c o u l d  n o t  be cap tu red  

*Th is  work per fo rmed a t  Sandia N a t i o n a l  L a b o r a t o r i e s  suppor ted  by  t h e  U.S. 
Department of Energy under c o n t r a c t  number DE-AC04-76DP00789. 
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1. INTRODUCTION 

R i g i d ,  c l o s e d - c e l l ,  p o l y u r e t h a n e  foams a r e  used i n  a v a r i e t y  o f  
app i c a t i o n s  as house i n s u l a t i o n ,  f i l l e r s  and r i g i d i z e r s  i n  a i r p l a n e  w ngs, 

f o r  m a t e r i a l  packaging,  and i n  impact  l i m i t e r s  f o r  s h i p p i n g  c o n t a i n e r s  [l]. 
Low d e n s i t y  p o l y u r e t h a n e  foam i s  used i n  impact  l i m i t e r s  i n  a v a r i e t y  o f  

n u c l e a r  waste s h i p p i n g  c o n t a i n e r s  [2,3]. Dur ing  a h y p o t h e t i c a l  n u c l e a r  

waste s h i p p i n g  a c c i d e n t ,  t h e  foam i s  expected t o  absorb a s i g n i f i c a n t  amount 

o f  impac t  energy by undergoing l a r g e  i n e l a s t i c  volume r e d u c t i o n s .  

Consequent ly ,  t h e  c r u s h i n g  o f  p o l y u r e t h a n e  foams must be w e l l  c h a r a c t e r i z e d  

if t h e  o v e r a l l  response o f  a s h i p p i n g  c o n t a i n e r  i s  t o  be p r o p e r l y  p r e d i c t e d  

f o r  v a r i o u s  a c c i d e n t  scenar ios .  

U n f o r t u n a t e l y ,  t e s t  d a t a  on t h e  c r u s h i n g  o f  low d e n s i t y  foams a r e  q u i t e  

Manu fac tu re rs  o f  p o l y u r e t h a n e  foams u s u a l l y  p r o v i d e  mechanical  l i m i t e d .  

p r o p e r t i e s  f o r  t h e i r  p r o d u c t s  based on r e s u l t s  f rom unconf ined,  u n i a x i a l ,  

compressive t e s t s .  The u n i a x i a l  s t r e s s - s t r a i n  responses a r e  easy t o  

measure, b u t  t h e y  p r o v i d e  min imal  i n f o r m a t i o n  on t h e  v o l u m e t r i c  response o f  

foam and no i n f o r m a t i o n  on t h e  i n t e r a c t i o n s  between t h e  v o l u m e t r i c  and 

d e v i a t o r i c  ( shear )  responses. I n  response t o  t h i s  need f o r  exper imen ta l  

d a t a ,  Sandia N a t i o n a l  L a b o r a t o r i e s  dec ided  i n  1979 t o  p e r f o r m  e x t e n s i v e  

l a b o r a t o r y  t e s t s  t o  c h a r a c t e r i z e  t h e  b e h a v i o r  o f  low d e n s i t y  p o l y u r e t h a n e  

foams. A t  t h e  reques t  o f  t h e  T r a n s p o r t a t i o n  System Development Department, 

now 6320, members o f  t h e  E n g i n e e r i n g  A n a l y s i s  Department, now 1520, d e f i n e d  
a s e r i e s  o f  h y d r o s t a t i c  and t r i a x i a l  compression t e s t s  t o  be per formed on 

foams s u p p l i e d  by General P l a s t i c s  M a n u f a c t u r i n g  Company. The t e s t s  were 

pe r fo rmed  by t h e  New Mexico Eng ineer ing  Research I n s t i t u t e  (NMERI) a t  t h e i r  

C i v i l  E n g i n e e r i n g  Research F a c i l i t y  (CERF) i n  1979 and 1980. The t e s t  

p rocedures  and r e s u l t s  were never  f o r m a l l y  documented b u t  were r e p o r t e d  i n  a 

l e t t e r  f r o m  NMERI/CERF t o  Sandia N a t i o n a l  L a b o r a t o r i e s  [4]. 

A v a r i e t y  o f  
b e h a v i o r  o f  foams 
e l a s t i c  c o n s t i t u t  

and Warren [5] a t  

d e s c r i b e s  t h e  beh 

c o n s t i t u t i v e  models have been developed t o  p r e d i c t  t h e  

w i t h i n  a v a r i e t y  o f  l o a d  ranges. Fo r  example, a l i n e a r  

ve model f o r  foams has r e c e n t l y  been developed by K r a y n i k  

Sandia N a t i o n a l  L a b o r a t o r i e s .  T h i s  model a c c u r a t e l y  

v i o r  o f  foams i n  t h e  l i n e a r  e l a s t i c  regime. I n  t h i s  
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r e p o r t ,  a phenomenological  c o n s t i t u t i v e  model t h a t  a c c u r a t e l y  p r e d i c t s  t h e  

l i n e a r  and p o s t - y i e l d  b e h a v i o r  o f  l ow-dens i t y ,  po l yu re thane  foams i s  
presented.  

The purpose o f  t h i s  r e p o r t  i s  t o  p r o v i d e  formal  documentat ion o f  t h e  

r e s u l t s  f r o m  t h e  NMERI/CERF t e s t s  and t o  p r e s e n t  a c o n s t i t u t i v e  model which 
c a p t u r e s  t h e  foam b e h a v i o r  e x h i b i t e d  i n  t h e  t e s t s .  F i r s t ,  t h e  NMERI/CERF 

t e s t s  a r e  d e s c r i b e d  and t h e  measured foam responses a r e  presented.  Next, 

t h r e e  d i f f e r e n t  c o n s t i t u t i v e  models t h a t  have been used i n  t h e  p a s t  t o  model 

foam b e h a v i o r  a r e  shown t o  have shor tcomings when a p p l i e d  t o  t h e  foam 

b e h a v i o r  observed i n  t h e  exper imen ta l  NMERI/CERF t e s t s .  T h i s  i s  f o l l o w e d  by 

t h e  p r e s e n t a t i o n  o f  a new c o n s t i t u t i v e  model which accounts f o r  foam 

b e h a v i o r  observed i n  t h e  exper iments.  Numerical  imp lemen ta t i on  o f  t h e  new 

model i s  a l s o  descr ibed.  Then, a h y p o t h e t i c a l  impact problem i s  analyzed 

w i th  t h e  new model, and t h e  r e s u l t s  a r e  compared t o  r e s u l t s  o b t a i n e d  w i t h  

(1) a c o n v e n t i o n a l  d e v i a t o r i c  p l a s t i c i t y  model and (2) a combined v o l u m e t r i c  

p l a s t i c i t y  w i t h  p r e s s u r e  dependent d e v i a t o r i c  p l a s t i c i t y  model. T h i s  r e p o r t  

ends w i t h  a few c o n c l u s i o n s  about t h e  use o f  t h e  new model and a d i s c u s s i o n  

o f  model l i m i t a t i o n s  and f u t u r e  work. 
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2. TEST DESCRIPTION AND RESULTS 

. 

S i x  d i f f e r e n t  General P l a s t i c s  foams w i t h  i d e n t i f i c a t  on numbers (ID'S) 
o f  6602, 6703, 9503, 9703, 6704, and 9505 were used i n  t h e  NMERI/CERF t e s t s .  

The d e n s i t i e s  of t hese  foams, as i n d i c a t e d  by t h e  l a s t  d i g  t o f  t h e i r  ID'S, 
ranged f rom 2 l b / f t 3  t o  5 l b / f t 3 .  

t aken  f r o m  a s i n g l e  b l o c k .  The samples were o r i e n t e d  such t h a t  t h e  axes o f  

t h e  c y l i n d e r s  were i n  t h e  " r i s e "  d i r e c t i o n  o f  t h e  foam. The edges o f  t h e  

b l o c k s  were avo ided i n  o r d e r  t o  i n s u r e  homogeneity. H y d r o s t a t i c  t e s t s  were 

per fo rmed on a l l  s i x  foams. A lso ,  seve ra l  t r i a x i a l  compression t e s t s  were 

per fo rmed on a l l  foams except  6704. 

Tab le  2.1. The numbers i n  t h e  t a b l e  rep resen t  t h e  number o f  t e s t s  per formed 

f o r  a g i v e n  t e s t  c o n d i t i o n .  

A l l  samples f rom each foam t y p e  were 

A m a t r i x  o f  t h e  t e s t s  i s  shown i n  

I n  t h e  h y d r o s t a t i c  t e s t s ,  c y l i n d r i c a l  t e s t  samples w i t h  nominal h e i g h t s  

and d iamete rs  o f  5.60 i n .  and 2.73 in . ,  r e s p e c t i v e l y ,  were j a c k e t e d  w i t h  a 

v e r y  t h i n  l a t e x  j a c k e t  and p laced  i n  a 2000 p s i  t r i a x i a l  p ressu re  chamber 

t y p i c a l l y  used f o r  s o i l  t e s t s .  The c e l l  was then  f i l l e d  w i t h  wa te r  and 

sealed.  The samples were a l l owed  t o  f l o a t  f r e e l y  i n  t h e  p ressu re  c e l l .  A 

4 i n .  d i a m e t e r  p i s t o n  d i s p l a c i n g  a t  a r a t e  o f  app rox ima te l y  0.002 i n / s e c  was 

then  used t o  i n c r e a s e  t h e  p ressu re  w i t h i n  t h e  c e l l .  C e l l  p ressu re  was 

measured w i t h  a 200 p s i  p ressu re  gage, and volume changes o f  t h e  samples 

were de termined f r o m  p i s t o n  d isp lacement  measurements. The volume 

measurements were c o r r e c t e d  f o r  expansion o f  t h e  p ressu re  c e l l  and 

c o m p r e s s i b i l i t y  o f  t h e  water .  

t o  be n e g l i g i b l e  compared w i t h  volume changes o f  t h e  samples. 

Volume changes f r o m  these  sources were shown 

The t r i a x i a l  t e s t s  were per formed i n  ano the r  p ressu re  vessel  t y p i c a l l y  

used f o r  t e s t i n g  s o i l s .  I n  these t e s t s ,  j a c k e t e d  samples were loaded 

h y d r o s t a t i c a l l y  t o  a p r e s c r i b e d  c o n f i n i n g  p ressu re .  Then, a d d i t i o n a l  a x i a l  

d i sp lacemen t  was a p p l i e d  a t  a r a t e  o f  0.9 i n / s e c  i n  t h e  r i s e  d i r e c t i o n  o f  

t h e  foam. The a x i a l  l o a d  and d isp lacement  were measured and conver ted  t o  

a x i a l  s t r e s s  and s t r a i n .  Measurements o f  t h e  change i n  volume o f  t h e  wa te r  

s u r r o u n d i n g  t h e  samples were used t o  de termine changes i n  sample volume. 

S tandard  u n i a x i a l  compression t e s t s  were per fo rmed on un jacke ted  samples o f  

t h r e e  o f  t h e  foams. 
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I n  a l l  h y d r o s t a t i c  t e s t s  and i n  a l l  t r i a x i a l  t e s t s ,  except  t h e  u n i a x i a l  

t e s t s ,  t h e  samples were j a c k e t e d  so a i r  c o u l d  n o t  escape. A l l  t e s t s  were 

per formed a t  room temperature and a t  v e r y  low s t r a i n  r a t e s .  

no d a t a  on temperature o r  s t r a i n  r a t e  e f f e c t s  were obta ined.  
Consequently, 

Tab le  2.1. Tes ts  Performed on Low D e n s i t y  Polyurethane Foams 

I NUMBER OF TESTS 

FOAM HYDROSTATIC TRIAXIAL CONFINING PRESSURE (PSI)  

I D  O* 6 10 15 20 30 31 

6602 

6703 

9703 

9503 

6704 

9505 

1 0 1 2 1 0 0  

0 0 0 1  1 0 0  

1 1 1 1 0 0 0  

0 0 1 0 1 0 1  

0 0 0 0 0 0 0  

1 1 0 0 1  1 0  
~~~ 

* U n i a x i a l  t e s t  

The comb ina t ion  o f  h y d r o s t a t i c  and t r i a x i a l  t e s t s  i n  Tab le  2.1 was 

chosen t o  p r o v i d e  s u f f i c i e n t  d a t a  t o  d e s c r i b e  b o t h  t h e  v o l u m e t r i c  and 

d e v i a t o r i c  (shear)  b e h a v i o r s  o f  t h e  foams and t h e  c o u p l i n g  between t h e  two 

responses. The v o l u m e t r i c  response i s  d e f i n e d  as t h e  r e l a t i o n s h i p  between 

p ressu re ,  p, and volume s t r a i n ,  7 ,  where 

p = -  -*kk 
3 
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and 

2.2 

uij and c i j  a r e  t h e  foam s t r e s s  and s t r a i n  components i n  an or thonormal  

b a s i s .  Convent iona l  summation n o t a t i o n  i s  used th roughou t  t h i s  e n t i r e  

r e p o r t .  

components, eij, a r e  d e f i n e d  as 

The d e v i a t o r i c  s t r e s s  components, Sij, and t h e  d e v i a t o r i c  s t r a i n  

- sij - uij + psi j  

and 

€ i j  - ^= sij 

2 . 3  

2.4 

R e s u l t  f r o m  t h e  v a r i o  s t e s t s  per fo rmed on t h e  General P l a s t i c s  foams 

a r e  p resen ted  i n  F i g u r e s  2.1 - 2.6. Both  t h e  v o l u m e t r i c  and a x i a l  s t r e s s -  

a x i a l  s t r a i n  responses a r e  shown f o r  each t e s t .  The o n l y  e x c e p t i o n  i s  f o r  

6704 Foam i n  F i g u r e  2.5. 
foam. The foam a x i a l  s t r e s s - a x i a l  s t r a i n  responses a r e  p resen ted  f o r  use i n  

t h e  development o f  t h e  new c o n s t i t u t i v e  model p resen ted  i n  a l a t e r  s e c t i o n .  

The t r i a x i a l  t e s t s  c o n s i s t e d  o f  two phases: an i n i t i a l  h y d r o s t a t i c  l o a d i n g  

phase f o l l o w e d  by a t r i a x i a l  l o a d i n g  phase. The t r i a x i a l  t e s t  r e s u l t s  i n  

F i g u r e s  2.1 - 2.6 do n o t  s t a r t  a t  ze ro  s t r e s s  and s t r a i n  because t h e  

response f r o m  t h e  i n i t i a l  h y d r o s t a t i c  l o a d i n g  phase was measured o n l y  a t  t h e  

end o f  t h e  h y d r o s t a t i c  phase o f  these t e s t s .  The v o l u m e t r i c  and a x i a l  

s t r a i n s  p resen ted  i n  these  f i g u r e s  a r e  compressive and a r e  d e f i n e d  by 

( V o  - V ) / V o  and (Lo  - L) /Lo ,  r e s p e c t i v e l y ,  where V i s  t h e  volume o f  t h e  

sample, L i s  t h e  sample h e i g h t ,  and t h e  s u b s c r i p t  0 i n d i c a t e s  t h e  i n i t i a l  

v a l u e  o f  t h e  q u a n t i t y .  The s t r e s s e s  a r e  a l s o  compressive. The h y d r o s t a t i c  

r e s u l t s  were p l o t t e d  on t h e  a x i a l  s t r e s s - a x i a l  s t r a i n  p l o t s  by assuming t h a t  

t h e  a x i a l  s t r e s s  was equal  i n  magni tude t o  t h e  p ressu re  and t h e  s t r a i n  was 

i s o t r o p i c  such t h a t  t h e  a x i a l  s t r a i n  was g i v e n  by t h e  f o l l o w i n g  equa t ion  

Only h y d r o s t a t i c  t e s t s  were per formed on t h i s  

1 / 3  

(vO v O  - "'1 (Lo - L )  = 1 - [ 1 -  

LO 
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The r e s u l t s  i n  F i g u r e s  2.1 - 2.6 i n d i c a t e  o n l y  a smal l  amount of 

s c a t t e r  between t h e  t h r e e  h y d r o s t a t i c  t e s t s  per formed on each foam. The 

volume s t r a i n s  measured a t  t h e  ends o f  t h e  h y d r o s t a t i c  l o a d i n g  phases o f  t h e  
t r i a x i a l  t e s t s  a r e  a l s o  c o n s i s t e n t  w i t h  t h e  v o l u m e t r i c  s t r a i n s  measured i n  

t h e  h y d r o s t a t i c  t e s t s .  However, t h e  p ressu re  a t  which v o l u m e t r i c  y i e l d i n g  

occu rs  i s  h i g h l y  dependent on t h e  t e s t  c o n d i t i o n s .  For  6602 foam, t h e  

p r e s s u r e  a t  y i e l d  under h y d r o s t a t i c  l o a d i n g  i s  approx imate ly  15 p s i  whereas 

t h e  p r e s s u r e  a t  y i e l d  under u n i a x i a l  l o a d i n g  i s  about 8 p s i  and f o r  t h e  

t r i a x i a l  t e s t  w i t h  a c o n f i n i n g  p ressu re  o f  10 p s i  i s  approx imate ly  15 p s i .  

I n  t h e  t r i a x i a l  t e s t s  w i t h  c o n f i n i n g  pressures  o f  15 p s i  and 20 p s i ,  t h e  

foam a c t u a l l y  y i e l d s  tw ice ,  once a t  15 p s i  d u r i n g  t h e  h y d r o s t a t i c  phase o f  

t h e  t e s t s  and then  aga in  a t  19.5 p s i  f o r  t h e  t e s t  w i t h  15 p s i  c o n f i n i n g  

p r e s s u r e  and a t  25 p s i  f o r  t h e  t e s t  w i t h  20 p s i  c o n f i n i n g  pressure .  For  

these  two t r i a x i a l  t e s t s ,  t h e  d a t a  i n d i c a t e  t h a t  when t h e  a d d i t i o n a l  a x i a l  

l o a d s  a r e  f i n a l l y  a p p l i e d ,  t h e  foam has h i g h e r  r e s i s t a n c e  t o  t h e  a x i a l  loads  

than  t o  con t inued  h y d r o s t a t i c  l oad ing .  T h i s  t y p e  o f  behav io r  i s  n o t  

commonly observed f o r  most m a t e r i a l s  and i s  an i n d i c a t i o n  o f  t h e  unusual 

c o u p l i n g  between t h e  v o l u m e t r i c  and shear responses o f  t h e  foam. T h i s  

c o u p l i n g  can a l s o  be seen i n  t h e  a x i a l  s t r e s s - a x i a l  s t r a i n  curves i n  

F i g u r e s  2 . l b  - 2.6b. 
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3. APPLICATION OF EXISTING CONSTITUTIVE MODELS 

TO LOW-DENSITY POLYURETHANE FOAMS 

The l o g i c a l  f i r s t  s t e p  i n  t h e  development of a c o n s t i t u t i v e  model f o r  

l ow  d e n s i t y  p o l y u r e t h a n e  foams i s  t o  t r y  t o  f i t  e x i s t i n g  c o n s t i t u t i v e  models 

t o  t h e  t e s t  da ta .  I n  t h i s  s e c t i o n ,  t h r e e  t ypes  o f  models wh ich  have been 

used i n  t h e  p a s t  t o  model low d e n s i t y  foam b e h a v i o r  [SI a r e  e v a l u a t e d  w i t h  

r e s p e c t  t o  t h e  NMERI/CERF data .  The t h r e e  t ypes  o f  models cons idered i n  

t h i s  s e c t i o n  i n c l u d e :  (1) a u n i a x i a l  c r u s h  model, ( 2 )  a conven t iona l  

d e v i a t o r i c  p l a s t i c i t y  model wh ich  i s  commonly used t o  d e s c r i b e  t h e  behav io r  

o f  me ta l s ,  and (3 )  a " s o i l s "  model wh ich  combines v o l u m e t r i c  p l a s t i c i t y  w i t h  

p r e s s u r e  dependent d e v i a t o r i c  p l a s t i c i t y .  

3.1. U n i a x i a l  Crush Model 

The usua l  method o f  t e s t i n g  foam i s  i n  a conven t iona l  u n i a x i a l  

compress ion t e s t .  T h i s  i s  a conven ien t  method because t h e  most common 

a p p l i c a t i o n  f o r  foam c r u s h i n g  i n v o l v e s  a u n i a x i a l  crush.  The u n i a x i a l  

s t r e s s - s t r a i n  c u r v e  can be d i r e c t l y  used t o  compute d isp lacements  f rom loads  

o r  v i c e  versa .  T h i s  s imp le  u n i a x i a l  model has a severe l i m i t a t i o n ,  however, 

whenever t h e  foam i s  used i n  a m u l t i a x i a l  c rush  mode. The u n i a x i a l  behav io r  

cannot  be  a p p l i e d  by s i m p l y  i g n o r i n g  s t r e s s e s  i n  t h e  o t h e r  d i r e c t i o n s .  T h i s  

i s  seen i n  F i g u r e  2.lb. where t h e  a x i a l  s t r e s s - a x i a l  s t r a i n  cu rve  i s  shown 

t o  be n o t  un ique  b u t  i n s t e a d  ve ry  s e n s i t i v e  t o  t h e  a p p l i e d  p ressu re .  I t  i s  

obv ious  t h a t  a m u l t i a x i a l  model i s  necessary i f  m u l t i a x i a l  l o a d i n g  i s  

i n v o l  ved. 

3.2. Conven t iona l  D e v i a t o r i c  P l a s t i c i t y  Model 

A second method o f  mode l ing  foam i s  t o  use a conven t iona l  p l a s t i c i t y  

model, wh ich  i s  t h e  s i m p l e s t  m u l t i a x i a l  model. U n i a x i a l  y i e l d  s t r e n g t h s  can 
be measured and g e n e r a l i z e d  t o  m u l t i a x i a l  c o n d i t i o n s  u s i n g  conven t iona l  

d e v i a t o r i c  p l a s t i c i t y  assumptions. One o f  t h e  assumptions wh ich  must be 

eva lua ted ,  however, i s  t h a t  a model o f  t h i s  t y p e  a l l o w s  o n l y  e l a s t i c  volume 
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s t r a i n s .  The h y d r o s t a t i c  d a t a  i n  F igu res  2 . l a  t o  2.6a i n d i c a t e  t h a t  t h e  

foams undergo l a r g e  p l a s t i c  volume s t r a i n s  when sub jec ted  t o  s u f f i c i e n t  

l oad .  Thus, conven t iona l  d e v i a t o r i c  p l a s t i c i t y  models a r e  unable t o  cap tu re  

t h e  p l a s t i c  v o l u m e t r i c  behav io r  o f  po l yu re thane  foams. Another assumption 
made i n  conven t iona l  p l a s t i c i t y  models i s  t h a t  t h e  v o l u m e t r i c  and d e v i a t o r i c  

responses a r e  n o t  coupled. That  i s ,  d e v i a t o r i c  l o a d i n g  i s  assumed t o  have 

no e f f e c t  on v o l u m e t r i c  behav io r ,  and d e v i a t o r i c  y i e l d  i s  n o t  a f f e c t e d  by 

t h e  p ressu re .  I f  a d e v i a t o r i c  v o l u m e t r i c  decompos i t ion  were v a l i d ,  a l l  o f  

t h e  v o l u m e t r i c  responses i n  F i g u r e s  2 . l a  t o  2.6a would be t h e  same 

r e g a r d l e s s  o f  t h e  l o a d  h i s t o r y .  The curves i n  F i g u r e s  2 . la  t o  2.6a i n d i c a t e  

t h a t  t h e  v o l u m e t r i c  response i s  c l e a r l y  dependent on l o a d  h i s t o r y  and t h e  

occur rence o f  d e v i a t o r i c  l oad ing .  Thus, conven t iona l  d e v i a t o r i c  p l a s t i c i t y  

models f a i l  t o  c a p t u r e  two i m p o r t a n t  f e a t u r e s  o f  po l yu re thane  foam behav io r ,  

v o l u m e t r i c  p l a s t i c i t y  and v o l u m e t r i c - d e v i a t o r i c  coup l i ng .  

3 . 3 .  Combined Vo lumet r i c  P l a s t i c i t y  w i t h  Pressure  Dependent D e v i a t o r i c  

P l a s t i c i t y  Model 

Another  c l a s s  o f  rnult iaxia1,models which combine v o l u m e t r i c  p l a s t i c i t y  

w i t h  p r e s s u r e  dependent d e v i a t o r i c  p l a s t i c i t y  were examined nex t .  These 

models were a t t r a c t i v e  because they  have f e a t u r e s  wh ich  d e v i a t o r i c  

p l a s t i c i t y  models do no t ;  namely, c a p a b i l i t i e s  f o r  v o l u m e t r i c  p l a s t i c i t y  and 

c o u p l i n g  between t h e  v o l u m e t r i c  and d e v i a t o r i c  responses. A p a r t i c u l a r  

model o f  t h i s  t ype ,  developed by K r i e g  [7 ]  f o r  s o i l  and concre te ,  was 

examined i n  d e t a i l  f o r  i t s  a p p l i c a b i l i t y  t o  foam. I n  t h i s  model, t h e  y i e l d  

f u n c t i o n  i s  assumed t o  be separab le  i n t o  t h e  p r o d u c t  o f  d e v i a t o r i c  and 

v o l u m e t r i c  p a r t s .  The v o l u m e t r i c  y i e l d  f u n c t i o n  i s  independent o f  t h e  

d e v i a t o r i c  s t r e s s e s ,  b u t  t h e  d e v i a t o r i c  p o r t i o n  o f  t h e  y i e l d  f u n c t i o n  i s  

dependent on t h e  pressure .  The shape o f  t h e  d e v i a t o r i c  y i e l d  s u r f a c e  i s  a 
p a r a b o l o i d  o f  r e v o l u t i o n  about  t h e  p ressu re  a x i s  as shown i n  F i g u r e  3.1. 

The v o l u m e t r i c ,  eV, and d e v i a t o r i c ,  eS, y i e l d  f u n c t i o n s  a r e  g i v e n  by t h e  

f o l l o w i n g  equa t ions  

ev = P - f(d 3.1 
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= J~ - (ao  + alp + a2p 2 1 3.2 Os 

where p i s  t h e  p r e s s u r e  ( d e f i n e d  i n  Equat ion  2.1) ,  f i s  a f u n c t i o n  o f  t h e  

v o l u m e t r i c  s t r a i n  and d e f i n e s  t h e  m a t e r i a l s  v o l u m e t r i c  s t r e s s - s t r a i n  

b e h a v i o r ,  J2 i s  t h e  second i n v a r i a n t  of t h e  d e v i a t o r i c  s t resses ,  and ao, al 

and a2 a r e  m a t e r i a l  cons tan ts .  

v o l u m e t r i c  s t r e s s - s t r a i n  da ta ,  t h i s  model cap tu res  t h e  v o l u m e t r i c  p l a s t i c i t y  

o f  p o l y u r e t h a n e  foam. However, i n  t h i s  model, t h e  v o l u m e t r i c  response i s  

cons ide red  t o  be independent  o f  t h e  d e v i a t o r i c  response. T h i s  assumption i s  

o b v i o u s l y  n o t  v a l i d  f o r  t h e  d a t a  p resen ted  i n  F igu res  2 . la  t o  2.6a. 

Since  f i n  Equat ion  3.1 i s  d e f i n e d  f rom 

N e i t h e r  u n i a x i a l  models, conven t iona l  d e v i a t o r i c  p l a s t i c i t y  models, nor  

models wh ich  combine v o l u m e t r i c  p l a s t i c i t y  w i t h  p ressu re  dependent 

d e v i a t o r i c  p l a s t i c i t y  a r e  a p p r o p r i a t e  f o r  low d e n s i t y  po l yu re thane  foams. 

There fo re ,  a new c o n s t i t u t i v e  model was developed and i s  p resented  i n  t h e  

n e x t  s e c t i o n .  
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4. NEW CONSTITUTIVE MODEL FOR LOW DENSITY POLYURETHANE FOAMS 

The f i r s t  s t e p  i n  t h e  development o f  a new c o n s t i t u t i v e  model f o r  low 

d e n s i t y  p o l y u r e t h a n e  foams was t o  examine t h e  i n d i v i d u a l  components o f  t h e  

foam s t r u c t u r e .  Each o f  t h e  foams used i n  t h e  NMERI/CERF t e s t s  was a c losed  

c e l l  foam w i t h  a i r  i n s i d e  t h e  c e l l s .  The re fo re ,  each foam c o n s i s t e d  o f  two 

s t r u c t u r a l  components: (1) t h e  polymer s t r u c t u r e  o r  s k e l e t o n  and (2)  t h e  

a i r  i n s i d e  t h e  foam. I n  a p p l i c a t i o n s  where t h e  a i r  c o u l d  n o t  escape f rom 

t h e  s k e l e t o n  d u r i n g  l o a d i n g ,  t h e  a i r  c o u l d  c a r r y  a s u b s t a n t i a l  p a r t  o f  t h e  

load.  I n  a l l  o f  t h e  NMERI /CERF t e s t s ,  except  t h e  u n i a x i a l  t e s t s ,  t h e  

samples were j a c k e t e d  and a i r  c o u l d  n o t  escape. 

cons ide red  t h e  c o n t r i b u t i o n  o f  t h e  a i r  t o  t h e  o v e r a l l  s t r u c t u r a l  response o f  

t h e  foams was a p p r o p r i a t e  f o r  t h e  foam b e h a v i o r  e x h i b i t e d  i n  t h e  NMERI/CERF 

t e s t s .  

Thus, a model wh ich  

T o t a l  foam response can be decomposed i n t o  t h e  response o f  t h e  s k e l e t o n  

and t h e  response o f  t h e  a i r  i n  t h e  f o l l o w i n g  manner. S ince,  t h e  a i r  does 

n o t  r e s i s t  any shear  de fo rma t ion ,  t h e  a i r  c o n t r i b u t i o n  i s  comp le te l y  

v o l u m e t r i c .  F o r  convenience,  t h e  s k e l e t o n  i s  assumed t o  occupy t h e  same 

space as t h e  foam. T h i s  i m p l i e s  t h a t  t h e  s k e l e t o n  s t r a i n  components a r e  

equa l  t o  t h e  foam s t r a i n  components. 

a r e  g i v e n  by t h e  f o l l o w i n g  e q u a t i o n  

A lso ,  t h e  foam s t r e s s  components, uij, 

a i  r 
(7 i j  = u;; + u 'i j 

4.1 

rep resen ts  t h e  a i r  a i  r6 
i j  where u;; a r e  t h e  s k e l e t o n  s t r e s s  components and u 

c o n t r i b u t i o n  t o  t h e  normal s t r e s s  components. To b e t t e r  unders tand t h i s  

e q u a t i o n ,  c o n s i d e r  a h y d r o s t a t i c  compression t e s t  i n  wh ich  t h e  foam sample 

i s  j a c k e t e d  and t h e  a i r  i s  n o t  a l l o w e d  t o  escape. 

s t r u c t u r e d  so t h a t  i t  c o u l d  n o t  c a r r y  any l oad ,  t hen  t h e  e x t e r n a l  p ressu re  
I f  t h e  s k e l e t o n  was 

aPP 
t h e  

wou 

t h e  
t h e  

i e d  t o  t h e  foam wou ld  equal  t h e  i n t e r n a l  a i r  p ressure .  I n  o t h e r  words, 

foam s t r e s s  components would equal  t h e  a i r  c o n t r i b u t i o n .  T h i s  foam 

d n o t  be a b l e  t o  r e s i s t  any d e v i a t o r i c  l o a d i n g .  I n  most foams, however, 
s k e l e t o n  i s  s t r u c t u r e d  so t h a t  i t  can c a r r y  l o a d  and t h e  c o n t r i b u t i o n  o f  

s k e l e t o n  must be added t o  t h e  a i r  c o n t r i b u t i o n  t o  de termine how much 
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l o a d  t h e  foam can c a r r y .  

c o n t r i b u t i o n  as a f u n c t i o n  o f  foam s t r a i n  components i s  d e r i v e d .  

I n  t h e  n e x t  s e c t i o n ,  an exp ress ion  f o r  t h e  a i r  

The i d e a l  gas law was used t o  d e r i v e  an exp ress ion  f o r  t h e  a i r  
a i r  c o n t r i b u t i o n ,  u 

f i n a l  volume o f  VI, t h e  volume s t r a i n ,  y,  can be expressed as 

. I f  t h e  foam i s  compressed f rom i n i t i a l  volume Vo t o  a 

4 .2  

The volume o f  t h e  foam i s  equal  t o  t h e  sum o f  volume o f  t h e  polymer f rom 

wh ich  i t  i s  made, Vp, and t h e  volume o f  t h e  a i r  t rapped  i n s i d e ,  Vair. 

volume o f  t h e  polymer i s  f i x e d  when t h e  foam i s  manufactured and mere l y  

changes i t s  p o s i t i o n  as t h e  foam deforms. Thus, t h e  volume s t r a i n  becomes 

The 

o r  

Y =(- - l),( + e) 
The denominator  o f  Equa t ion  4.4 can be expressed as 

( I + $ ) =  1 - 9  1 

4 . 3  

4.4 

4 .5  

where i s  t h e  volume f r a c t i o n  o f  s o l i d  m a t e r i a l .  I f  t h e  i d e a l  gas law i s  

expressed as 

a i r V a i r  = -,- 
P 

3 0  

4.6 



i s  t h e  a i r  volume, n i s  t h e  mole " a i r  where pair i s  t h e  a i r  p ressu re ,  

f r a c t i o n  o f  a i r ,  R i s  t h e  u n i v e r s a l  gas cons tan t ,  and T i s  t h e  a b s o l u t e  

tempera ture ,  Equa t ion  4.4 can be r e w r i t t e n  as 

and rea r ranged  t o  g i v e  

4.7 

4 .a 

The p r e s s u r e  p:ir i s  t h e  i n t e r n a l  a i r  p r e s s u r e  when no l o a d  i s  a p p l i e d  t o  

t h e  foam. Thus, pyir can be expressed as 

a i  r a i r  a i r  
P1 = Po - (7 4.9 

The n e g a t i v e  s i g n  i s  needed i n  f r o n t  o f  uair because po a i r  and p;ir a r e  

p o s i t i v e  i n  compression whereas uair i s  p o s i t i v e  i n  tens ion .  

o f  Equa t ion  4.9 i n t o  Equa t ion  4.8 l eads  t o  an exp ress ion  f o r  t h e  a i r  

c o n t r i b u t i o n ,  u . 
S u b s t i t u t i o n  

a i r  

4.10 

F o r  a p r e s c r i b e d  foam volume s t r a i n ,  7 ,  Equa t ion  4.10 d e s c r i b e s  t h e  s t r e s s  

c a r r i e d  by t h e  a i r .  Note t h a t  f o r  i s o t h e r m a l  c o n d i t i o n s  when t h e  foam 

volume s t r a i n  i s  equal  t o  ze ro  t h e  a i r  c o n t r i b u t i o n  i s  a l s o  equal t o  zero.  

A l s o ,  t h e  a i r  c o n t r i b u t i o n  approaches i n f i n i t y  as t h e  foam volume s t r a i n  

approaches 6 - 1 o r  i n  o t h e r  words as t h e  foam volume approaches t h e  polymer 

volume. A p l o t  o f  t h e  a i r  c o n t r i b u t i o n  as a f u n c t i o n  o f  volume s t r a i n  i s  

shown i n  F i g u r e  4.1. For  a p p l i c a t i o n s  i n  wh ich  t h e  a i r  can escape f r o m  t h e  

foam, t h e  s t r e s s  c a r r i e d  by t h e  a i r  can be neg lec ted  by s e t t i n g  p;ir equal 

t o  zero .  
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The response o f  t h e  s k e l e t o n  can now be de termined f rom t h e  NMERI/CERF 

t e s t s .  S ince  t h e  foam and t h e  s k e l e t o n  occupy t h e  same volume, t h e  foam and 

s k e l e t o n  s t r a i n s  a r e  t h e  same. Also,  t h e  s k e l e t o n  s t r e s s  components can be 

d e r i v e d  f r o m  Equa t ion  4 . 1  w r i t t e n  i n  t h e  f o l l o w i n g  fo rm 

a i  r6 
i j  = (7 - u  sk 

'i j i j  4 . 1 1  

The s k e l e t o n  s t r e s s  components a r e  de termined by s u b t r a c t i n g  t h e  exp ress ion  

g i v e n  by Equa t ion  4.10 f o r  t h e  s t r e s s  c a r r i e d  by t h e  a i r  f rom t h e  foam 

normal s t r e s s  components. The s k e l e t o n  responses have been found i n  t h i s  

way u s i n g  t h e  d a t a  p l o t t e d  i n  F i g u r e s  2.1 - 2.6 and a r e  shown i n  F i g u r e s  

4.2  - 4.7 .  

and F i g u r e s  4.2 - 4.7 d e s c r i b e  t h e  s k e l e t o n  behav io r .  

Equa t ion  4.10 shou ld  r a t h e r  a c c u r a t e l y  d e s c r i b e  t h e  a i r  b e h a v i o r  

The v o l u m e t r i c  responses f o r  h y d r o s t a t i c  l o a d i n g  i n d i c a t e  t h a t  t h e  

s k e l e t o n  may s o f t e n  o r  harden s l i g h t l y  a f t e r  y i e l d .  

v o l u m e t r i c  s k e l e t o n  responses a r e  a f f e c t e d  by t h e  d e v i a t o r i c  l o a d i n g  

c o n d i t i o n s .  Fur thermore,  t h e  l a t e r a l  s t r a i n s  a r e  z e r o  f o r  t h e  u n i a x i a l  

t e s t s .  T h i s  i m p l i e s  t h a t  P o i s s o n ' s  r a t i o  f o r  t h e  s k e l e t o n  i s  equal  t o  zero .  

That  i s ,  t h e  s k e l e t o n  response i n  a p r i n c i p a l  s t r e s s  d i r e c t i o n  i s  n o t  

a f f e c t e d  by t h e  o t h e r  p r i n c i p a l  s k e l e t o n  s t resses .  The s k e l e t o n  responses 

f o r  6602 Foam i n  F i g u r e  4 . 2  i n d i c a t e  t h a t  f o r  h y d r o s t a t i c  l o a d i n g  t h e  y i e l d  

s t r e s s  can be expressed as a f u n c t i o n  o f  t h e  volume s t r a i n ,  7. 

l o a d i n g  i s  d e v i a t o r i c ,  t h e  a x i a l  y i e l d  s t r e s s  appears t o  be equal t o  t h e  

a x i a l  y i e l d  s t r e s s  f o r  h y d r o s t a t i c  l o a d i n g  p l u s  a cons tan t .  Thus, t h e  y i e l d  

s t r e s s  i n  each p r i n c i p a l  s t r e s s  d i r e c t i o n  can be expressed as 

I n  a d d i t i o n ,  t h e  

I f  t h e  

g = A < I I ' >  + B ( 1  + C y) 4 .12  

where 11' i s  t h e  second i n v a r i a n t  o f  t h e  d e v i a t o r i c  s t r a i n s ,  < > i s  t h e  

heavys ide  s t e p  f u n c t i o n ,  7 i s  t h e  volume s t r a i n  o r  f i r s t  i n v a r i a n t  o f  t h e  

foam s t r a i n s ,  and A, B, and C a r e  cons tan ts .  Constan t  B i s  t h e  y i e l d  s t r e s s  

o f  t h e  s k e l e t o n  f o r  p u r e l y  h y d r o s t a t i c  l o a d i n g ,  and t h e  p r o d u c t  o f  B and C 

i s  t h e  s l o p e  o f  t h e  s k e l e t o n  v o l u m e t r i c  response a f t e r  y i e l d i n g  f o r  p u r e l y  

h y d r o s t a t i c  l o b d i n g .  Constan t  A i s  equal  t o  t h e  d i f f e r e n c e  between t h e  

a x i a l  y i e l d  s t r e s s  f o r  h y d r o s t a t i c  l o a d i n g  and t h e  a x i a l  y i e l d  s t r e s s  f o r  

3 3  
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FIGURE 4 . 6 .  Skeleton Volumetric Responses for Foam 6 7 0 4  

3 8  



1 

1 4 0  1 ' * " 1 ~ " ' 1 " ~ ' 1 " ' ~ 1 " "  

120 - 

A 
X 

A 
L 

S 80 
T 
R 
E 

I 100 

- 

60 - 

- HYDROSTATIC TESTS 
P 40 
5 0 UNIAXIAL TEST 

- 

I 
A TRIAXIAL TEST. P = 6 PSI 

20 0 TRIAXIAL TEST. P = 20 PSI - 
0 TRIAXIQL TEST. P = 30 PSI 

0 1 , , , . 1 . . . . 1 1 1 1 , 1 * 1 . 1  

0. . 1  . 2  

1 

. 3  

P 
S 
I 

20 

00 

80 

60 

40 - HYDROSTATIC TESTS 
0 UNIAXIAL TEST 

A TRIAXIAL TEST. P = 6 PSI 

0 TRIAXIAL TEST. P = 20 PSI 

0 TRIAXIAL TEST. P = 30 PSI 

20 - 

0 
0 .  . 2  . 4  c 

. 1  .3 .5 
UOLUHE STRAIN ( ( UQ-U )/U0 1 

FIGURE 4 . 7 a .  Skeleton Volumetric Responses from 
All Tests on Foam 9505 

3 9  



d e v i a t o r i c  l o a d i n g .  

l o a d i n g  i s  d e v i a t o r i c .  The p r i n c i p a l  s k e l e t o n  s t r e s s e s  must be l e s s  than  o r  

equa l  t o  t h e  y i e l d  f u n c t i o n  g. I f  t h e  p r i n c i p a l  s k e l e t o n  s t r e s s e s  a r e  l e s s  

t h a n  g ,  t h e  b e h a v i o r  i s  e l a s t i c .  I f  t h e  p r i n c i p a l  s k e l e t o n  s t r e s s e s  a r e  

equa l  t o  g, t h e  b e h a v i o r  may be p l a s t i c .  Constants  B and C a r e  determined 

f r o m  a h y d r o s t a t i c  t e s t ,  and cons tan t  A i s  de te rm ined  f rom a t r i a x i a l  o r  

u n i a x i a l  t e s t ,  Thus, a t  l e a s t  one h y d r o s t a t i c  t e s t  and one t r i a x i a l  o r  

u n i a x i a l  t e s t  a r e  needed t o  c h a r a c t e r i z e  t h e  foam behav io r .  M a t e r i a l  

p r o p e r t i e s  f o r  t h e  v a r i o u s  foams ( T a b l e  4.1) were determined f r o m  t h e  

h y d r o s t a t i c  and u n i a x i a l  s k e l e t o n  da ta .  The foam e l a s t i c  modulus, E ,  was 

taken  as t h e  s l o p e  o f  a b e s t  f i t  cu rve  t h r o u g h  t h e  d a t a  i n  t h e  e l a s t i c  

regime. 

f i t  cu rve  th rough  t h e  d a t a  i n  t h e  p l a s t i c  regime o f  t h e  h y d r o s t a t i c  t e s t s .  

The f i r s t  t e rm i n  Equa t ion  4.12 i s  a c t i v e  o n l y  i f  t h e  

Y i e l d  f u n c t i o n  parameter C was determined f rom t h e  s lope  o f  a b e s t  

Tab le  4.1. M a t e r i a l  P r o p e r t i e s  f o r  NMERI /CERF Foams 

FOAM E A B C 4 

6602 

6703 

9703 

9503 

6704 

9505 

462 9.5 15.5 0.738 

644 37.0 21.3 0.218 

344 19.5 11.8 1.590 

650 36.0 24.5 0.511 

2050 49.8 48.8 -0.613 

3010 49.2 60.8 -0.517 

0.035 

0.050 

0.050 

0.060 

0.080 

0.090 

E - YOUNG'S MODULUS, p s i  

A - YIELD FUNCTION PARAMETER, p s i  

B - YIELD FUNCTION PARAMETER, p s i  

C - YIELD FUNCTION PARAMETER 

4 - VOLUME FRACTION OF SOLID M A T E R I A L  

4 0  



The n e x t  s t e p  i n  t h e  model b u i l d i n g  process was t o  express t h e  

c h a r a c t e r i z i n g  parameters i n  terms o f  volume f r a c t i o n .  A c o n s i d e r a t i o n  o f  

t h e  p h y s i c a l  meaning o f  t h e  c o n s t a n t s  showed t h a t  parameters A, B and E 
shou ld  approach z e r o  as volume f r a c t i o n  goes t o  zero .  Fo r  t h i s  reason these  

parameters were f i t t e d  w i t h  a power f u n c t i o n .  Parameter C was f i t t e d  w i t h  a 

l i n e a r  f u n c t i o n  o f  volume f r a c t i o n .  T h i s  l e a s t  squares f i t t i n g  process 

produced t h e  v a l u e s  g i v e n  i n  Equa t ions  4.13 - 4.16. The f i t t e d  curves and 

s u p p o r t i n g  d a t a  a r e  shown i n  F i g u r e  4.8. 

1.676 A = 3440 4 

1.645 B = 2780 4 

C 2.21 - 31.1  4 

2.20 E = 454000 4 

4.13 

4.14 

4.15 

4.16 

E q u a t i o n  4.16 i n d i c a t e s  a t$‘“ dependence f o r  Young’s Modulus. 

Warren [ 5 ]  have r e p o r t e d  a t$2’o dependence f o r  Young’s Modulus f o r  low 

d e n s i t y  foams. Equa t ions  4.13 t o  4.16 c o u l d  be used t o  e s t i m a t e  i n p u t  

parameters f o r  t h e  new c o n s t i t u t i v e  model i f  t h e  o n l y  d a t a  a v a i l a b l e  f o r  t h e  

foam was i t s  volume f r a c t i o n .  However, f u r t h e r  exper imen ta l  t e s t i n g  shou ld  

be completed t o  improve o u r  c o n f i d e n c e  i n  Equat ions 4.13 t o  4.16. 

K r a y n i k  and 

The c o n s t i t u t i v e  model i s  summarized i n  t h e  f l o w c h a r t  shown i n  

F i g u r e  4.9. F o r  a g i v e n  i n i t i a l  s t r e s s  and s t r a i n  s t a t e ,  t h e  foam s t r e s s  

components can be de te rm ined  f r o m  t h e  exp ress ions  f o r  t h e  s t r e s s  c a r r i e d  by 

t h e  a i r  and by t h e  s k e l e t o n .  I n i t i a l  foam s t r e s s  components and a i r  

p r e s s u r e  a r e  used t o  compute t h e  i n i t i a l  s k e l e t o n  s t r e s s  components. Foam 

s t r a i n s  a r e  updated u s i n g  t h e  s t r a i n  r a t e  and t i m e  s t e p  s i z e .  T r i a l  

s k e l e t o n  s t r e s s  components a r e  computed by assuming t h a t  t h e  s k e l e t o n  

b e h a v i o r  remains e l a s t i c  o v e r  t h e  t i m e  s tep .  The t r i a l  s k e l e t o n  s t r e s s  

components a r e  t h e n  r o t a t e d  t o  p r i n c i p a l  s t r e s s  d i r e c t i o n s ,  and each 

p r i n c i p a l  t r i a l  s t r e s s  i s  compared w i t h  t h e  y i e l d  s t r e s s .  I f  a p r i n c i p a l  

41 
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t r i a l  s k e l e t o n  s t r e s s  i s  s m a l l e r  i n  magnitude t h a n  t h e  y i e l d  s t r e s s ,  i t  

becomes t h e  a c t u a l  p r i n c i p a l  s k e l e t o n  s t r e s s  a t  t h e  end o f  t h e  t i m e  s tep .  

P r i n c i p a l  s k e l e t o n  s t r e s s e s  w i t h  magnitudes t h a t  a r e  equal  t o  o r  g r e a t e r  

t h a n  t h e  y i e l d  s t r e s s  a r e  s e t  equal  i n  magnitude t o  t h e  y i e l d  s t r e s s .  

t h e  p r i n c i p a l  s k e l e t o n  s t r e s s e s  a r e  determined, t h e y  a r e  r o t a t e d  back t o  t h e  

g l o b a l  c o o r d i n a t e  system. The s t r e s s  c a r r i e d  by t h e  a i r  i s  then computed 

u s i n g  t h e  updated volume s t r a i n .  F i n a l l y ,  foam s t r e s s  components f o r  t h i s  

t i m e  s t e p  a r e  computed by add ing  t h e  s t r e s s  c a r r i e d  by t h e  a i r  t o  t h e  normal 

s k e l e t o n  s t r e s s  components. 

Once 

The n e x t  s t e p  i n  t h e  development o f  t h e  new c o n s t i t u t i v e  model was i t s  

i m p l e m e n t a t i o n  i n  f i n i t e  element computer codes. The model was i n c o r p o r a t e d  

i n  SANCHO [8], a q u a s i s t a t i c  dynamic r e l a x a t i o n  code, and i n  PRONTO [9 ] ,  a 

t r a n s i e n t  dynamics code. The imp lemen ta t i on  i n  b o t h  codes was r e l a t i v e l y  

s t r a i g h t f o r w a r d  and f o l l o w e d  t h e  f l o w  c h a r t  i n  F i g u r e  4.9. However, t h e r e  

were two m i n o r  m o d i f i c a t i o n s  made t o  t h e  c o n s t i t u t i v e  model d u r i n g  t h e  

i m p l e m e n t a t i o n  phase. The f i r s t  m o d i f i c a t i o n  i n v o l v e d  t h e  s tep  f u n c t i o n  

used i n  t h e  y i e l d  c r i t e r i o n  f o r  t h e  s k e l e t o n  ( E q u a t i o n  4.12).  The s t e p  

f u n c t i o n  a c t s  as an " o n - o f f "  s w i t c h  w i t h  va lues  o f  e i t h e r  0 o r  1. The 

d i s c o n t i n u o u s  jumps between t h e  va lues  o f  0 and 1 caused some convergence 

d i f f i c u l t i e s ,  b u t  t hese  d i f f i c u l t i e s  were e a s i l y  s o l v e d  by r e p l a c i n g  t h e  

s t e p  f u n c t i o n  w i t h  a s t e e p  s i n e  f u n c t i o n  wh ich  a l l o w e d  a cont inuous 

v a r i a t i o n  between 0 and 1 ( F i g u r e  4.10).  The second m o d i f i c a t i o n  a f f e c t e d  

t h e  a i r  p r e s s u r e  c o n t r i b u t i o n  and y i e l d  s t r e s s  equa t ions .  These equa t ions  

were w r i t t e n  as f u n c t i o n s  o f  e n g i n e e r i n g  volume s t r a i n  b u t  t h e  computer 

codes i n  w h i c h  t h i s  model was implemented used l o g a r i t h m i c  s t r a i n  i n  t h e i r  

c o n s t i t u t i v e  model r o u t i n e s .  The e n g i n e e r i n g  volume s t r a i n ,  7, can be 

expressed as a f u n c t i o n  o f  t h e  c u r r e n t  l o g a r i t h m i c  s t r a i n  components as 

f o l  1 ows 

- 1  'kk y = e  4.17 

where lij a r e  t h e  l o g a r i t h m i c  s t r a i n  components, and e i s  t h e  base o f  t h e  

n a t u r a l  l o g a r i t h m  system. Equa t ion  4.17 was used i n  t h e  implementat ion o f  

t h e  model i n  t h e  computer codes t o  express t h e  a i r  p ressu re  c o n t r i b u t i o n  and 

t h e  y i e l d  s t r e s s  as f u n c t i o n s  o f  t h e  l o g a r i t h m i c  s t r a i n  components. 
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The l a s t  s t e p  i n  t h e  development o f  t h i s  new c o n s t i t u t i v e  model was t o  

v e r i f y  t h a t  t h e  model a c c u r a t e l y  r e p r e s e n t e d  t h e  po lyu re thane  foam behav io r .  

To v e r i f y  t h e  model,  a s e r i e s  o f  ana lyses  was completed u s i n g  t h e  new 

c o n s t i t u t i v e  model i n  SANCHO and PRONTO. T h i s  s e r i e s  o f  analyses was 

completed u s i n g  an ax isy r r rne t r i c ,  one element model o f  a NMERI/CERF t e s t  

sample. Boundary c o n d i t i o n s  on t h e  model were v a r i e d  t o  rep resen t  t h e  

v a r i o u s  NMERI/CERF t e s t s .  Exper imen ta l  foam behav io r  and c o n s t i t u t i v e  model 

b e h a v i o r  f r o m  a h y d r o s t a t i c  t e s t  f o r  6602 Foam a r e  shown i n  F i g u r e s  4.11a 

and 4.11b. The new c o n s t i t u t i v e  model a c c u r a t e l y  modeled t h i s  h y d r o s t a t i c  

t e s t .  T h i s  r e s u l t  was expected because parameters f o r  t h e  c o n s t i t u t i v e  

model were s e l e c t e d  based on r e s u l t s  f r o m  t h e  exper imen ta l  h y d r o s t a t i c  and 

u n i a x i a l  t e s t s .  Exper imenta l  foam b e h a v i o r  and c o n s t i t u t i v e  model behav io r  

f r o m  a u n i a x i a l  t e s t  f o r  6602 Foam a r e  shown i n  F i g u r e s  4.12a and 4.12b. 

Again,  t h e  c o n s t i t u t i v e  model a c c u r a t e l y  rep resen ted  t h e  exper imenta l  foam 

b e h a v i o r .  Exper imenta l  foam b e h a v i o r  and c o n s t i t u t i v e  model behav io r  f rom 

t r i a x i a l  t e s t s  f o r  6602 Foam a r e  shown i n  F i g u r e s  4.13 - 4.15. The new 

c o n s t i t u t i v e  model a c c u r a t e l y  rep resen ted  t h e  foam behav io r  f o r  a l l  o f  t h e  

t r i a x i a l  t e s t s .  A l so ,  t h e r e  was no s i g n i f i c a n t  d i f f e r e n c e  between r a s u l t s  

o b t a i n e d  u s i n g  SANCHO and r e s u l t s  o b t a i n e d  u s i n g  PRONTO. Comparisons 

between e x p e r i m e n t a l  r e s u l t s  and model b e h a v i o r  f o r  o t h e r  foams a r e  shown i n  

Appendix A. 
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5. SOLUTION OF A TYPICAL DYNAMIC PROBLEM USING THE NEW CONSTITUTIVE MODEL 

A t y p i c a l  dynamic p rob lem was ana lyzed u s i n g  t h e  new foam c o n s t i t u t i v e  

model and PRONTO. T h i s  p rob lem was chosen t o  demonstrate t h e  c a p a b i l i t i e s  

o f  t h e  model f o r  h a n d l i n g  complex s t r e s s  s t a t e s .  R e s u l t s  f rom t h i s  a n a l y s i s  

were compared w i t h  r e s u l t s  o b t a i n e d  u s i n g  a conven t iona l  d e v i a t o r i c  

p l a s t i c i t y  model and a combined v o l u m e t r i c  p l a s t i c i t y  w i t h  p r e s s u r e  

dependent d e v i a t o r i c  p l a s t i c i t y  model t o  demonstrate t h e  e f f e c t s  o f  u s i n g  

t h e  v a r i o u s  models f o r  t h e  foam m a t e r i a l .  

T h i s  p rob lem c o n s i s t e d  o f  an i n f i n i t e l y  l o n g  s t e e l  c y l i n d e r  surrounded 

by a foam l a y e r  t h a t  was covered w i t h  a t h i n  aluminum s h e l l .  The two- 

d imens iona l ,  p l a n e  s t r a i n  f i n i t e  element model shown i n  F i g u r e  5.1 was used 

i n  these  analyses.  The c y l i n d e r  was dropped on to  a r i g i d  s u r f a c e  a t  an 

i n i t i a l  v e l o c i t y  o f  528 inches  p e r  second, and t h e  r e s u l t i n g  de fo rma t ions  

and a c c e l e r a t i o n s  were computed. M a t e r i a l  p r o p e r t i e s  used f o r  t h i s  s e r i e s  

o f  ana lyses  a r e  g i v e n  i n  Tab le  5.1. The foam l a y e r  was assumed t o  be 

9505 Foam and was modeled w i t h  t h e  t h r e e  d i f f e r e n t  c o n s t i t u t i v e  models 

d i scussed  above. M a t e r i a l  p r o p e r t i e s  f o r  t h e  d e v i a t o r i c  p l a s t i c i t y  model 

were based on r e s u l t s  f rom t h e  u n i a x i a l  NMERI/CERF t e s t  on 9505 Foam. Fo r  

t h i s  model t h e  m a t e r i a l  was assumed t o  be e l a s t i c  p e r f e c t l y  p l a s t i c .  

R e s u l t s  f rom b o t h  t h e  u n i a x i a l  and t h e  h y d r o s t a t i c  NMERI/CERF t e s t s  on 9505 

Foam were used t o  de termine m a t e r i a l  p r o p e r t i e s  f o r  t h e  combined v o l u m e t r i c  

and p r e s s u r e  dependent d e v i a t o r i c  p l a s t i c i t y  model. The v o l u m e t r i c  response 

f o r  t h i s  model was based on r e s u l t s  f rom t h e  h y d r o s t a t i c  t e s t s  and t h e  

d e v i a t o r i c  response f o r  t h i s  model was based on r e s u l t s  f r o m  t h e  u n i a x i a l  

t e s t .  M a t e r i a l  p r o p e r t i e s  f o r  t h e  new c o n s t i t u t i v e  model were a l s o  based on 

r e s u l t s  f rom b o t h  t h e  u n i a x i a l  and t h e  h y d r o s t a t i c  NMERI/CERF t e s t s  on 

9505 Foam. 

R e s u l t s  f rom t h i s  s e r i e s  o f  ana lyses  a r e  summarized i n  Tab le  5.2. 

R e s u l t s  o b t a i n e d  u s i n g  t h e  new c o n s t i t u t i v e  model a r e  between r e s u l t s  

o b t a i n e d  u s i n g  t h e  conven t iona l  d e v i a t o r i c  p l a s t i c i t y  model and t h e  combined 

v o l u m e t r i c  p l a s t i c i t y  w i t h  p ressu re  dependent d e v i a t o r i c  p l a s t i c i t y  model. 

The conven t iona l  d e v i a t o r i c  p l a s t i c i t y  model does n o t  a l l o w  f o r  any 

v o l u m e t r i c  p l a s t i c i t y  and i s  s t i f f e r  t han  t h e  o t h e r  two models. The 

5 3  
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T a b l e  5.1. M a t e r i a l  P r o p e r t i e s  Used i n  Dynamic Ana lyses  

Aluminum ( E l a s t i c )  YOUNG'S MODULUS = lO.E+06 p s i  

2 4  POISSON'S R A T I O  = 0.30 
D E N S I T Y  = 2.5E-04 l b  s / i n  

S t e e l  ( E l a s t i c )  YOUNG'S MODULUS = 29.E+06 p s i  

2 . 4  P O I S S O N ' S  R A T I O  = 0.30 
DENSITY = 7.OE-04 l b  s / i n  

Foam ( C o n v e n t i o n a l  D e v i a t o r i c  P l a s t i c i t y  Mode l )  

YOUNG'S MODULUS = 3010. p s i  

YIELD STRENGTH = 110. p s i  
HARDENING MODULUS = 0. p s i  

2 . 4  P O I S S O N ' S  R A T I O  = 0.00 
D E N S I T Y  = 7.5E-06 l b  s / i n  

BETA = 0. 

Foam (Combined V o l u m e t r i c  and D e v i a t o r i c  P l a s t i c i t y  Mode l )  

SHEAR MODULUS = 1505. p s i  

P s i  2 4 BULK MODULUS = 1003. 
D E N S I T Y  = 7.5E-06 l b  s / i n  

110. 
0. 
0. 

YIELD FUNCTION CONSTANT - a. = 
YIELD FUNCTION CONSTANT - al = 
YIELD FUNCTION CONSTANT - a2 = 

Foam (New C o n s t i t u t i v e  Mode l )  

YOUNG'S  MODULUS = 3010. P s i  2 4 
DENSITY = 7.5E-06 l b  s / i n  

OLUME FRACTION OF SOLID MATERIAL - 9 = 0.090 
I N I T I A L  A I R  PRESSURE - p = 14.7 p s i  

YIELD FUNCTION CONSTANT - = 49.2 p s i  
YIELD FUNCTION CONSTANT - B = 60.8 p s i  
YIELD FUNCTION CONSTANT - C = -0.517 
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L 

T a b l e  5.2. R e s u l t s  f r o m  Dynamic Analyses 1 
C O N S T I T U T I V E  
MODEL USED 

- 

MAX I MUM MAXIMUM STEEL BODY 
CRUSH-U P ACCELERATION 

( i n . )  ( 9 )  

CONVENTIONAL D E V I A T O R I C  
PLASTICITY MODEL 1.93 

NEW FOAM MODEL 2.57 

COMBINED VOLUMETRIC AND 
DEVIATORIC PLASTICITY MODEL 2.84 

399 

275 

208 

combined v o l u m e t r i c  p l a s t i c i t y  w i t h  p ressu re  dependent d e v i a t o r i c  p l a s t i c i t y  

model does n o t  a l l o w  f o r  any change i n  v o l u m e t r i c  response due t o  t h e  

occu r rence  o f  d e v i a t o r i c  l o a d i n g .  Exper imenta l  r e s u l t s  i n d i c a t e d  t h a t  t h e  

occu r rence  o f  d e v i a t o r i c  l o a d i n g  would s t i f f e n  t h e  v o l u m e t r i c  response. The 

combined v o l u m e t r i c  p l a s t i c i t y  w i t h  p ressu re  dependent d e v i a t o r i c  p l a s t i c i t y  

model i s  s o f t e r  t han  t h e  o t h e r  two models. The new c o n s t i t u t i v e  model 

c a p t u r e s  b o t h  v o l u m e t r i c  p l a s t i c i t y  and changes i n  t h e  v o l u m e t r i c  response 

due t o  t h e  occurrence o f  d e v i a t o r i c  l o a d i n g .  D i s p l a c e d  shapes o f  t h e  f i n i t e  

element model a t  maximum crush-up a r e  shown i n  F i g u r e s  5.2 and 5.3. P l o t s  

of  d i sp lacemen t  and a c c e l e r a t i o n  o f  t h e  s t e e l  c y l i n d e r  as a f u n c t i o n  o f  t i m e  

a r e  shown i n  F i g u r e s  5.4 and 5.5, r e s p e c t i v e l y .  The a c c e l e r a t i o n  p l o t s  were 

f i l t e r e d  w i t h  a lowpass f i l t e r  w i t h  a c u t - o f f  f requency o f  1000 Hz. 
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c o n u e n t i o n a l  d e u i u t o r i c  p l u s t i c ~ t y  model 

new foam mode I 

combined u o l u m e t r i c  and d e u i a t o r i c  p l u s t i c i t y  model 

F I G U R E  5 . 2 .  D i s p l a c e d  S h a p e s  o f  F i n i t e  E l e m e n t  M o d e l  
a t  Maximum C r u s h - u p  
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- '  c o n u e n t i o n u l  d e u i u t o r i c  p l u s t i c i t y  model  

new foam mode I 

combined  u o l u m e t r i c  und d e u i ' u t o r i c  p l u s t i c  i t y  model  

F I G U R E  5 . 3 .  Close-up o f  D i s p l a c e d  Foam L a y e r  i n  F i n i t e  
E l e m e n t  M o d e l  a t  Plaximum C r u s h - u p  
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6. CONCLUSIONS AND FUTURE WORK 

The b e h a v i o r  o f  r i g i d ,  c l o s e d - c e l l ,  po l yu re thane  foam was 

e x p e r i m e n t a l l y  i n v e s t i g a t e d .  I t  was found t h a t  these foams undergo l a r g e  
p l a s t i c  v o l u m e t r i c  s t r a i n s  when sub jec ted  t o  s u f f i c i e n t  l o a d  and t h a t  t h e  

d e v i a t o r i c  and v o l u m e t r i c  behav io rs  f o r  these foams a r e  coupled. 

A conven t iona l  d e v i a t o r i c  p l a s t i c i t y  model and a combined v o l u m e t r i c  

p l a s t i c i t y  w i t h  p ressu re  dependent d e v i a t o r i c  p l a s t i c i t y  model d i d  n o t  

c a p t u r e  t h e  c o u p l i n g  t h a t  occu r red  between t h e  d e v i a t o r i c  and v o l u m e t r i c  

b e h a v i o r s  i n  t h e  NMERI/CERF t e s t s .  There fore ,  a new c o n s t i t u t i v e  model f o r  

low d e n s i t y  po l yu re thane  foams was developed. T h i s  new c o n s t i t u t i v e  model 

cap tu red  a l l  foam behav io rs  t h a t  were observed i n  t h e  NMERI/CERF t e s t s .  

T h i s  model was implemented i n  two f i n i t e  element codes, SANCHO and PRONTO. 

A t y p i c a l  problem was ana lyzed u s i n g  t h i s  new c o n s t i t u t i v e  model and two 

o t h e r  c o n s t i t u t i v e  models t o  demonstrate d i f f e r e n c e s  between t h e  v a r i o u s  

models. R e s u l t s  f rom t h i s  s e r i e s  o f  analyses i n d i c a t e d  t h a t  t h e  new 

c o n s t i t u t i v e  model genera ted  d isp lacement  and a c c e l e r a t i o n  p r e d i c t i o n s  t h a t  

were between p r e d i c t i o n s  o b t a i n e d  us ing  t h e  o t h e r  two models. T h i s  r e s u l t  

was expected.  

Because t h e  exper imenta l  NMERIKERF t e s t s  were a l l  s t a t i c  t e s t s  t h e r e  

was no way t o  de termine i f  r a t e  e f f e c t s  were impor tan t ;  t h e r e f o r e ,  no r a t e  

e f f e c t s  were i n c l u d e d  i n  t h e  new c o n s t i t u t i v e  model. I n  t h e  f u t u r e ,  dynamic 

t e s t s  shou ld  be completed t o  de termine t h e  e f f e c t s  of s t r a i n  r a t e s .  The 

e f f e c t s  o f  tempera ture  changes were a l s o  n o t  i n v e s t i g a t e d  as p a r t  o f  t h e  

NMERI/CERF t e s t s .  I n  t h e  new c o n s t i t u t i v e  model i t  was assumed t h a t  t h e  a i r  

behaves as an i d e a l  gas and t h a t  temperature changes have no e f f e c t  on t h e  

polymer s k e l e t o n .  Po lyure thane i s  expected t o  have a s t r o n g  tempera ture  

dependence above t h e  g lassy  t r a n s i t i o n  temperature,  b u t  t h e  r e s u l t i n g  e f f e c t  

upon c e l l  w a l l  c o l l a p s e  i s  unknown. T h i s  shou ld  be i n v e s t i g a t e d  i n  

l a b o r a t o r y  t e s t s .  Once t h e  new c o n s t i t u t i v e  model has been m o d i f i e d  t o  

i n c l u d e  any i m p o r t a n t  r a t e  o r  temperature e f f e c t s ,  i t  cou ld  then be used 

w i t h  con f idence  t o  ana lyze  dynamic events .  F u t u r e  comparisons between 

exper imen ta l  r e s u l t s  and ana lyses  w i t h  t h i s  c o n s t i t u t i v e  model would f u r t h e r  

i n c r e a s e  con f idence  i n  i t s  accuracy.  
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F i n a l l y ,  most s h i p p i n g  c o n t a i n e r s  t h a t  use po lyu re thane  foam impact 
l i m i t e r s  have a t h i n  l a y e r  o f  some meta l  around t h e  impact l i m i t e r .  

A c c u r a t e  analyses o f  such s h i p p i n g  c o n t a i n e r s  w i l l  r e q u i r e  t h e  
imp lemen ta t i on  of e lements t h a t  a c c u r a t e l y  and e f f i c i e n t l y  model t h i n  Sayers 
i n  t h e  f i n i t e  element codes i n  which t h e  foam model i s  used. 
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APPENDIX A 

To v e r i f y  t h a t  t h e  new c o n s t i t u t i v e  model cap tu red  t h e  foam b e h a v i o r  

observed d u r i n g  t h e  NMERI/CERF t e s t s ,  a s e r i e s  o f  analyses was completed 

u s i n g  t h e  new model i n  SANCHO and PRONTO. T h i s  s e r i e s  o f  analyses was 

completed u s i n g  an ax isymmetr ic ,  one element model o f  a NMERI /CERF t e s t  

sample. Boundary c o n d i t i o n s  on t h e  model were v a r i e d  t o  rep resen t  t h e  

v a r i o u s  NMERI/CERF t e s t s .  

w i t h  r e s u l t s  f r o m  t h e  NMERI/CERF t e s t s  i n  t h i s  appendix. These r e s u l t s  

i n d i c a t e  t h a t  t h e  new c o n s t i t u t i v e  model does cap tu re  t h e  foam b e h a v i o r  

observed d u r i n g  t h e  NMERI/CERF t e s t s .  

R e s u l t s  f r o m  t h i s  s e r i e s  o f  analyses a r e  compared 
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